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Global outline (Lectures I, II, and III)

I- Crystallographic structures 
Point Group Symmetry: from the elementary point symmetries to the 32 point groups

Translation Symmetry: lattice, motif, unit cell, directions and net planes, twins

Space group symmetry: glide planes and screw axes, the 230 space groups, the ITC

Crystallographic and Magnetic Structures / Neutron Diffraction, Béatrice GRENIER & Gwenaëlle ROUSSE

III- Determination of nucl. and mag. structures from neutron diffraction
Nuclear and magnetic neutron diffraction: structure factors, extinction rules

Examples in powder neutron diffraction

Examples in single-crystal neutron diffraction

II- Magnetic structures
Description in terms of propagation vector: the various orderings, examples

Description in terms of symmetry: 

Magnetic point groups: time reversal, the 122 magnetic point groups

Magnetic lattices: translations and anti-translations, the 36 magnetic lattices

Magnetic space groups = Shubnikov groups
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Crystallography: introduction

The word crystal comes from Greek (krustallas) and means “solidified by the cold”.

Crystallography = science of crystals
→ external shape, internal structure, crystal growth, and physical properties.

Objective: determine the atomic positions in the unit cell.
Mean: diffraction techniques (X-rays, neutrons, electrons)

Curie's principle : The symmetry of a cause is always preserved in its effects

Existence or not of some phenomena, symmetries of the possible ones

Examples: existence or not of ferroelectricity
relations between the various components of the stress tensor
… 

Crystallographic and Magnetic Structures / Neutron Diffraction, Béatrice GRENIER & Gwenaëlle ROUSSE
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Crystallography: introduction

Crystallography → Link between structure and physical properties

Anisotropy of the physical properties: macroscopic physics

→ reflects the point symmetry of crystals

2- Point (group) symmetry

 External shape of crystals (natural faces)
 Electric conductivity, optical, mechanical, magnetic, …. properties

To describe crystals: geometrical aspects, 
symmetries, atomic positions, …

Direct space

To determine the crystal 
structure: diffraction

Reciprocal space

Periodicity of the physical properties: Solid state physics

1- Translation symmetry

 Phonons, magnons, ...
 Diffraction

Crystallographic and Magnetic Structures / Neutron Diffraction, Béatrice GRENIER & Gwenaëlle ROUSSE
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Crystallography: Outline

1. Point group symmetry
Elementary point symmetry operations
Crystallographic point groups: definition, international notation 
Examples of point groups
The 32 crystallographic point groups and 11 Laue classes

Crystallographic and Magnetic Structures / Neutron Diffraction, Béatrice GRENIER & Gwenaëlle ROUSSE

3. Space group symmetry
Glide planes and screw axes
The 230 space groups
The International Tables for Crystallography

2. Translation symmetry
Lattice and motif, Unit cell
The orientation symmetries of lattices:

the 6 conventional cells, 7 crystal systems and 14 Bravais lattices
Lattice directions and net planes
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At the macroscopic & atomic (to within a translation) scales,  point symmetries, 
named point symmetries, that keep at least one point fixed, the origin. 

Crystallographic and Magnetic Structures / Neutron Diffraction, Béatrice GRENIER & Gwenaëlle ROUSSE

1. Point Group Symmetry: Elementary point symmetries

𝑧

𝑦

𝑥

O

𝑥, 𝑦, 𝑧

−𝑥,−𝑦,−𝑧
1

Det = -1𝛼  1 =
−1 0 0
0 − 1 0
0 0 − 1

Inversion (through a point)

 centrosymmetric crystal 

1, 2, 3,…

𝑧

𝑦

𝑥

O
𝑥′, 𝑦′, 𝑧′

𝑥, 𝑦, 𝑧2𝜋
𝑛

𝛼 𝑛 =  
cos𝜙
sin𝜙
0

−sin𝜙
cos𝜙
0

 
0
0
1

Det = +1

Rotation (around an axis)

Rotation of order 𝑛 = rotation by  
2𝜋

𝑛
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1. Point Group Symmetry: Elementary point symmetries

→ 10 elementary operations: point groups    1, 2, 3, 4, 6, 1, 2 = 𝑚, 3, 4, 6

Rotations compatible with the translation symmetry = those of orders 1, 2, 3, 4, 6

Proper (Det = 1)     Improper (Det = -1) 

 1,  2,  3, …

𝑧

2𝜋

𝑦

𝑥

O
𝑥′, 𝑦′, 𝑧′

𝑥, 𝑦, 𝑧
𝑛

−𝑥′,−𝑦′, −𝑧′

Det = -1𝛼 𝑛 =  
−cos𝜙
−sin𝜙
0

sin𝜙
−cos𝜙

0
 
0
0

−1

Rotoinversion
(around an axis and through a point)

𝑥, 𝑦, 𝑧

𝑥, 𝑦, −𝑧

𝑧

𝑦

𝑥

O𝑚

Det = -1𝛼 𝑚 =
1 0 0
0 1 0
0 0 − 1

Reflection
(through a mirror plane)

NB : 𝑚 =  2 !
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A group (𝑮,×) of order 𝑛 is a set of distinct elements 𝑔1, 𝑔2, … , 𝑔𝑛 equipped 
with an operation (group multiplication ×) that combines any two elements to 
form a third element and that satisfies the four axioms:

Crystallographic and Magnetic Structures / Neutron Diffraction, Béatrice GRENIER & Gwenaëlle ROUSSE

1. Point Group Symmetry: Definition of a group

Closure: 𝑔𝑖 × 𝑔𝑗 𝐺

Identity: ∃! 𝑒 such that 𝑔 × 𝑒 = 𝑒 × 𝑔 = 𝑔

Invertibility: each element 𝑔 has a unique inverse 𝑔−1

such that: 𝑔 × 𝑔−1 = 𝑔−1 × 𝑔 = 𝑒

Associativity: (𝑔𝑖× 𝑔𝑗) × 𝑔𝑘 = 𝑔𝑖 × (𝑔𝑗 × 𝑔𝑘)

× ↔ apply successively 2 symmetry operations

For point symmetry operations:

→ 1 (does nothing)

inverse of 𝑛: −𝑛
(rotate in the 
other way)

The point symmetry operations form a group
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1. Point Group Symmetry: How to obtain and name all point groups?

Notation of the point groups – International (Hermann-Mauguin) symbol
Symmetry operations along 1, 2 or 3 directions (primary, secondary, tertiary), 
ordered with decreasing or equal degree of symmetry 
(except for 2 cubic point groups)

(= 4/𝑚𝑚𝑚)
4

𝑚

2

𝑚

2

𝑚

Examples : 

4/𝑚The direction of a rotation is given by its axis
The direction of a mirror is given by its normal
'𝑛/𝑚' =  axis 𝑛 and normal to mirror 𝑚 along same direction

(i.e. plane of the mirror  to axis 𝑛)

primary

4/𝑚

(= 4/𝑚𝑚𝑚)
4

𝑚

2

𝑚

2

𝑚

secondary tertiary

There exists another notation: Schoenflies symbol → widely used in spectroscopy

How to obtain all crystallographic point groups (= crystal classes) ?
Combine the 10 elementary symmetry operations, with the following constraints:

- all symmetry elements go through a common point,
- compatibility with the translation symmetry
⇒ constraints between the orientations of the various symmetry axes / planes
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4 et 𝑚

 3
2 et 𝑚

Octahedral site : 𝑚 3𝑚 symmetry

Tetrahedral site :  43𝑚 symmetry

SF6 molecule

F

F F
F

F

F
S

CH4 molecule

H

H

H

H

C

→ Point group:      43𝑚

 4 (primary)

3 (secondary) 𝑚
(tertiary)

→ Point group: (= 𝑚 3𝑚)
4

𝑚
 3
2

𝑚

(primary)

(secondary) 

(tertiary)

Crystallographic and Magnetic Structures / Neutron Diffraction, Béatrice GRENIER & Gwenaëlle ROUSSE

1. Point Group Symmetry: Elementary point symmetries
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− − − 1,  1

2 − − 2,𝑚, 2/𝑚

2 2 2 222, 2𝑚𝑚, 𝑚𝑚𝑚

3 − − 3,  3
3 2 − 32, 3𝑚,  3𝑚

4 − − 4,  4, 4/𝑚
4 2 2 422, 4𝑚𝑚,  42𝑚, 4/𝑚𝑚𝑚

6 − − 6,  6, 6/𝑚
6 2 2 622, 6𝑚𝑚,  62𝑚, 6/𝑚𝑚𝑚

2 3 − 23, 𝑚 3
4 3 2 432,  43𝑚, 𝑚 3𝑚

Order of the point symmetry along the:
primary secondary          tertiary

direction           direction direction

Point groups
(short symbols)

and Laue classes

Crystallographic and Magnetic Structures / Neutron Diffraction, Béatrice GRENIER & Gwenaëlle ROUSSE

1. Point Group Symmetry: Elementary point symmetries
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 Example: dielectric properties

They can only be found for particular crystal symmetries

Crystallographic and Magnetic Structures / Neutron Diffraction, Béatrice GRENIER & Gwenaëlle ROUSSE

NH3

H

H

N

H

Point group: 3𝑚
→ ∃ dipolar moment (𝑝 = 1.46 Debye)

1. Point Group Symmetry: Elementary point symmetries

Piezoelectricity → point groups that do not possess inversion

Ferroelectricity and pyroelectricity

→ piezolectric point groups (i.e. non centrosymmetric) 

with a unique polar axis (  𝑝 ∥ 𝑛-axis and contained in the plane of the mirror):

1, 2,𝑚, 2𝑚𝑚, 3, 3𝑚, 4, 4𝑚𝑚, 6, 6𝑚𝑚

polar groups
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Crystal   = +

The set of extremities of the

𝑇 vectors define an abstract network 
of points (= nodes): the lattice.

Lattice

At each lattice node, 
one associates a group of atoms: 

the motif. 

Motif

The knowledge of the lattice (basis vectors  𝑎, 𝑏,  𝑐) and of the motif (nature and 
positions 𝑥, 𝑦, 𝑧 of the atoms in the cell) completely characterizes the crystalline 

structure. N.B. :  𝑟 = 𝑥  𝑎 + 𝑦𝑏 + 𝑧  𝑐 ( 𝑥 , 𝑦 , 𝑧 < 1)

At the atomic scale,  translation vectors 𝑇 that put the crystallographic structure 
in coincidence with itself.

𝑇 = 𝑢  𝑎 + 𝑣𝑏 + 𝑤  𝑐 with 𝑢, 𝑣,𝑤 integers     (positive or negative)

 𝑎, 𝑏, and  𝑐 are called the basis vectors
(non-coplanar elementary translation vectors defining a right-handed system).
The volume they define is called the unit cell.

Crystallographic and Magnetic Structures / Neutron Diffraction, Béatrice GRENIER & Gwenaëlle ROUSSE

2. Translation Symmetry: Lattice and motif
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Example 1 : terracotta floor tiles (2D)

Lattice

Motif

𝑏

𝑂  𝑎

Crystallographic and Magnetic Structures / Neutron Diffraction, Béatrice GRENIER & Gwenaëlle ROUSSE

2. Translation Symmetry: Lattice and motif
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Example 2 : CsCl single-crystal (3D)

Motif:

Cs+ on the corner
Cl- at the center Cs+

Cl-

Unit cell:

cubic
primitive

Crystallographic and Magnetic Structures / Neutron Diffraction, Béatrice GRENIER & Gwenaëlle ROUSSE

2. Translation Symmetry: Lattice and motif
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The unit cell allows to pave the space with no empty space nor overlap,
by applying the lattice translations.

Examples at 2D:

Rotation of order 4 : compatible 
with translation symmetry.

Rotation of order 5 :

Crystallographic and Magnetic Structures / Neutron Diffraction, Béatrice GRENIER & Gwenaëlle ROUSSE

2. Translation Symmetry: Unit cell

not compatible with 
translation symmetry → quasicrystals



GDR MEETICC
Banyuls, Feb. 2018

16

Lattice parameters:

• Multiplicity 𝑚 of a unit cell: Number of lattice nodes (and thus of motifs) per unit cell

How to count the number of lattice nodes per unit cell?
 each lattice node counts for 1/𝑛, with 𝑛 = number of unit cells to which it belongs

• Primitive unit cell: 𝑚 = 1
For a given lattice, all primitive unit cells have the same volume 𝑉

• Centered unit cell: 𝑚 = 2, 3 or 4 (doubly, triply … primitive) → Volume : 𝑉𝑚 = 𝑚 𝑉
 used only when more symmetrical than any primitive cell of the lattice

Lengths Angles

𝑎 𝛼 = (
 
𝑏,  𝑐)

𝑏 𝛽 = (   𝑐,  𝑎)

𝑐 𝛾 = (
 
 𝑎, 𝑏)𝛼

𝛾

𝛽

𝑏

 𝑐

 𝑎
Volume of the unit cell: 𝑉 =  𝑎, 𝑏,  𝑐 =  𝑎 ∧ 𝑏 .  𝑐

Crystallographic and Magnetic Structures / Neutron Diffraction, Béatrice GRENIER & Gwenaëlle ROUSSE

2. Translation Symmetry: Unit cell
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motif

Primitive cells: 4 lattice nodes (on corners) 4 cells →𝑚 = 4 × 1/4 = 1

Primitive
unit cells

Doubly primitive cell: 4 nodes (on corners) 4 cells → 4 × 1/4 = 1
+ 2 nodes (on edges) 2 cells → 2 × 1/2 = 1

 𝑚 = 2

doubly
primitive cell

Best choice?

1

primitive reflects
unit cell the lattice 

symmetry

3

O"
 𝑎"

𝑏"

O

1

2

 𝑎

𝑏

 𝑎′

𝑏′

O'

Crystallographic and Magnetic Structures / Neutron Diffraction, Béatrice GRENIER & Gwenaëlle ROUSSE

2. Translation Symmetry: Unit cell
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Best choice:
2

Doubly
primitive
cell

 𝑎′

𝑏′

O'

18

N.B.: For a primitive cell, the translation vectors 𝑇 are defined by:

𝑇 = 𝑢  𝑎 + 𝑣𝑏 + 𝑤  𝑐 with 𝑢, 𝑣,𝑤 integers.

Cell 1   is primitive but
does not reflect the ⊥ty

2

motif

Ex.: For unit cell        (𝑚 = 2):  
𝑇1 = 𝑢  𝑎′ + 𝑣𝑏′

𝑇2 = 𝑇1 +
1

2
 𝑎′ + 𝑏′ = 𝑢 +

1

2
 𝑎′ + 𝑣 +

1

2
𝑏′

2
half integers

Primitive cell

1

O

 𝑎𝑏
Conventional unit cell

(basis vectors ∥ directions 
of symmetry of the lattice )

For a non primitive cell of multiplicity 𝑚, one must add (𝑚 − 1) translation 

vectors such as:   𝑇 = 𝑢′  𝑎 + 𝑣′𝑏 + 𝑤′  𝑐 with 𝑢′, 𝑣′, 𝑤′ integers or fractionals

Crystallographic and Magnetic Structures / Neutron Diffraction, Béatrice GRENIER & Gwenaëlle ROUSSE

2. Translation Symmetry: Unit cell
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triclinic 𝑎 ≠ 𝑏 ≠ 𝑐 𝛼 ≠ 𝛽 ≠ 𝛾

monoclinic 𝑎 ≠ 𝑏 ≠ 𝑐 𝛼 = 𝛾 = 90°, 𝛽 > 90°

orthorhombic 𝑎 ≠ 𝑏 ≠ 𝑐 𝛼 = 𝛽 = 𝛾 = 90°

tetragonal or quadratic 𝑎 = 𝑏 ≠ 𝑐 𝛼 = 𝛽 = 𝛾 = 90°

hexagonal ** 𝑎 = 𝑏 ≠ 𝑐 𝛼 = 𝛽 = 90°, 𝛾 = 120° *

cubic 𝑎 = 𝑏 = 𝑐 𝛼 = 𝛽 = 𝛾 = 90°

The 6 conventional cells are, by increasing degree of symmetry:

𝑎

𝑚

𝑜

𝑡

ℎ

𝑐

19

* 𝛾 = 120° and not 60° (for the hexagonal reciprocal lattice: 𝛾∗ = 60°)
** The hexagonal conventional cell splits in two crystal systems: 

trigonal (axis 3) and hexagonal (axis 6); the 5 other ones are the same.

The crystals can be classified into 6 conventional cells and 7 crystal systems
each of them having a characteristic orientation symmetry

Translation and orientation (point) symmetries:

Crystallographic and Magnetic Structures / Neutron Diffraction, Béatrice GRENIER & Gwenaëlle ROUSSE

2. Translation Symmetry: The 6 conventional cells and 7 crystal systems

Number of
parameters

𝑎 ≠ 𝑏 ≠ 𝑐

𝑎 ≠ 𝑏 ≠ 𝑐

𝑎 ≠ 𝑏 ≠ 𝑐

𝑎 = 𝑏 ≠ 𝑐

𝑎 = 𝑏 ≠ 𝑐

𝑎 = 𝑏 = 𝑐

𝛼 ≠ 𝛽 ≠ 𝛾 6

𝛼 = 𝛾 = 90°, 𝛽 > 90° 4

𝛼 = 𝛽 = 𝛾 = 90° 3

𝛼 = 𝛽 = 𝛾 = 90° 2

𝛼 = 𝛽 = 90°, 𝛾 = 120° * 2

𝛼 = 𝛽 = 𝛾 = 90° 1
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23,𝑚 3
432,  43𝑚,𝑚 3𝑚

20

Primary Secondary Tertiary
direction direction directionCrystal system

triclinic 1,  1 − − −

monoclinic 2,𝑚, 2/𝑚 𝑏 (ou  𝑐) − −

orthorhombic 222, 2𝑚𝑚,𝑚𝑚𝑚  𝑎 𝑏  𝑐

trigonal  𝑐  𝑎, 𝑏, -  𝑎-𝑏 −

tetragonal
or quadratic

hexagonal  𝑐  𝑎, 𝑏, -  𝑎-𝑏 2  𝑎+𝑏, …

cubic  𝑎, 𝑏,  𝑐  𝑎+𝑏+  𝑐, …  𝑎+𝑏, …

Point groups

and Laue classes

3,  3
32, 3𝑚,  3𝑚

4,  4, 4/𝑚
422, 4𝑚𝑚,  42𝑚, 4/𝑚𝑚𝑚

6,  6, 6/𝑚
622, 6𝑚𝑚,  62𝑚, 6/𝑚𝑚𝑚

 𝑐  𝑎, 𝑏  𝑎+𝑏,  𝑎-𝑏

Crystallographic and Magnetic Structures / Neutron Diffraction, Béatrice GRENIER & Gwenaëlle ROUSSE

2. Translation Symmetry: Crystal system vs point group
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432,  43𝑚,𝑚 3𝑚
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Primary Secondary Tertiary
direction direction directionCrystal system

triclinic 1,  1 − − −

monoclinic 2,𝑚, 2/𝑚 𝑏 (ou  𝑐) − −

orthorhombic 222, 2𝑚𝑚,𝑚𝑚𝑚  𝑎 𝑏  𝑐

trigonal  𝑐  𝑎, 𝑏, -  𝑎-𝑏 −

tetragonal
or quadratic

hexagonal  𝑐  𝑎, 𝑏, -  𝑎-𝑏 2  𝑎+𝑏, …

cubic  𝑎, 𝑏,  𝑐  𝑎+𝑏+  𝑐, …  𝑎+𝑏, …

Point groups

and Laue classes

3,  3
32, 3𝑚,  3𝑚

4,  4, 4/𝑚
422, 4𝑚𝑚,  42𝑚, 4/𝑚𝑚𝑚

6,  6, 6/𝑚
622, 6𝑚𝑚,  62𝑚, 6/𝑚𝑚𝑚

 𝑐  𝑎, 𝑏  𝑎+𝑏,  𝑎-𝑏

Crystallographic and Magnetic Structures / Neutron Diffraction, Béatrice GRENIER & Gwenaëlle ROUSSE

2. Translation Symmetry: Crystal system vs point group
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432,  43𝑚,𝑚 3𝑚
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Primary Secondary Tertiary
direction direction directionCrystal system

triclinic 1,  1 − − −

monoclinic 2,𝑚, 2/𝑚 𝑏 (ou  𝑐) − −

orthorhombic 222, 2𝑚𝑚,𝑚𝑚𝑚  𝑎 𝑏  𝑐

trigonal  𝑐  𝑎, 𝑏, -  𝑎-𝑏 −

tetragonal
or quadratic

hexagonal  𝑐  𝑎, 𝑏, -  𝑎-𝑏 2  𝑎+𝑏, …

cubic  𝑎, 𝑏,  𝑐  𝑎+𝑏+  𝑐, …  𝑎+𝑏, …

Point groups

and Laue classes

3,  3
32, 3𝑚,  3𝑚

4,  4, 4/𝑚
422, 4𝑚𝑚,  42𝑚, 4/𝑚𝑚𝑚

6,  6, 6/𝑚
622, 6𝑚𝑚,  62𝑚, 6/𝑚𝑚𝑚

 𝑐  𝑎, 𝑏  𝑎+𝑏,  𝑎-𝑏

Crystallographic and Magnetic Structures / Neutron Diffraction, Béatrice GRENIER & Gwenaëlle ROUSSE

2. Translation Symmetry: Crystal system vs point group
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- 6 primitive lattices (one for each of the 6 conventional cells),
- 8 non primitive ones, by adding nodes in the former cells, provided no symmetry 
element is lost & the centered cell is more symmetric than any primitive cell.

Symbole Lattice mode 𝑚

𝑃 primitive 1 

𝐼 body centered 2

𝐹 all face centered 4

𝐴-, 𝐵-, 𝐶-face centered:

𝐴,𝐵, 𝐶 𝑏,  𝑐 ,  𝑎,  𝑐 , (  𝑎, 𝑏) 2
respectively

rhombohedrally
centered: additional

𝑅 lattice nodes at 1/3 and 3
2/3 of the long diagonal
of the ℎ cell
(→ trigonal system)

N.B.:  the primitive cell of the hR cell is a 
rhombohedral cell
(𝑎 = 𝑏 = 𝑐, 𝛼 = 𝛽 = 𝛾 ≠ 90°)

b

a

nodes at 𝑧 = 0 and 1

nodes at 𝑧 = 1/3

nodes at 𝑧 = 2/3

u 𝑧 = 1

𝑧 =
2

3

𝑧 =
1

3

𝑧 = 0

Crystallographic and Magnetic Structures / Neutron Diffraction, Béatrice GRENIER & Gwenaëlle ROUSSE

2. Translation Symmetry: The 14 Bravais lattices
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𝑃 𝐼 𝐹 𝐶 𝑅

monoclinic

orthorhombic

Conventional
cell

tetragonal

cubic

hexagonal

triclinic
𝑎 𝑏

𝑐 𝛼 𝛽
𝛾

Lattice mode

Reminder: 
For centered cells,
 additional lattice 
translations.

Example: 𝐼 lattice

 
𝑇 = 𝑢  𝑎 + 𝑣𝑏 + 𝑤  𝑐

𝑇′ = 𝑇 +
1

2
(  𝑎 + 𝑏 +  𝑐)

with 𝑢, 𝑣, 𝑤 integers

𝑎 𝑐
𝑏

𝛽

𝑎
𝑐

𝑏

𝑎

𝑐 𝑎

𝑎

𝑐

𝑎

𝑎

𝑐
𝑎

Crystallographic and Magnetic Structures / Neutron Diffraction, Béatrice GRENIER & Gwenaëlle ROUSSE

2. Translation Symmetry: The 14 Bravais lattices
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𝑇4 = 𝑇1 +
1

2
 𝑎 +  𝑐

1

2
, 0,

1

2
,

3

4
,
1

4
,
3

4

𝑇3 = 𝑇1 +
1

2
𝑏 +  𝑐 ,

1

4
,
3

4
,
3

4
, 0,

1

2
,
1

2
, 

𝑇2 = 𝑇1 +
1

2
 𝑎 + 𝑏 ,

1

2
,
1

2
, 0 , 

3

4
,
3

4
,
1

4
, and 

1

4
,
1

4
,
1

4
, 

25

Si (diamond structure):

𝐹 lattice (𝑚 = 4) → lattice translations:

𝑇1 = 𝑢  𝑎 + 𝑣𝑏 + 𝑤  𝑐,

Crystallographic and Magnetic Structures / Neutron Diffraction, Béatrice GRENIER & Gwenaëlle ROUSSE

2. Translation Symmetry: Example – the diamond structure

and
1

4
,
1

4
,
1

4

3

4

1

4

1

4

3

4

Si on a 
tetrahedral
site

1

2

1

2

1

2

1

2

→ 4 × 2 = 8 Si atoms per unit cell with coordinates:

motif = atoms at (0,0,0)

(0,0,0), 

cubic 𝐹 lattice,
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 Family of lattices directions

One can group all lattice nodes into parallel equidistant directions

labelled [𝑢𝑣𝑤] along   𝑛𝑢𝑣𝑤 = 𝑢  𝑎 + 𝑣𝑏 + 𝑤  𝑐

[001]

[100]

[010]

𝑛𝑢𝑣𝑤 (length of the direction vector): direction parameter 
𝑢, 𝑣, 𝑤 (coprime integers): direction indices

A family of lattice directions contains all lattice points.

O

[𝑢𝑣𝑤]

𝑛𝑢𝑣𝑤

[111]

→ directions
symmetrically  
equivalent are
labeled 100

Cubic unit cell: 

 Examples:

𝑏
 𝑐

 𝑎 [10 1]

𝑏

 𝑐

 𝑎

Crystallographic and Magnetic Structures / Neutron Diffraction, Béatrice GRENIER & Gwenaëlle ROUSSE

2. Translation Symmetry: Lattice directions [𝒖𝒗𝒘]
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(110)

(101)

(011)

 Family of net planes

One can group all lattice nodes into parallel equidistant net planes labelled ℎ𝑘𝑙
of equation: ℎ𝑥 + 𝑘𝑦 + 𝑙𝑧 = 𝑚 with 𝑚 integer (> 0 or < 0)

A family of net planes contains all lattice points. 

ℎ, 𝑘, 𝑙 (integers, which are coprime for a 𝑃 lattice): Miller indices
𝑑ℎ𝑘𝑙 (distance between 2 consecutive planes): 𝑑-spacing

Cubic unit cell: 

→ planes 
symmetrically  
equivalent are 
labeled {110}

(20 1)

 𝑎

 𝑐

𝑏

Crystallographic and Magnetic Structures / Neutron Diffraction, Béatrice GRENIER & Gwenaëlle ROUSSE

The plane the closest to the origin (𝑚 = 1) intercepts 

the  𝑎 axis at 1/ℎ, the 𝑏 axis at 1/𝑘, and the  𝑐 axis at 1/𝑙.

2. Translation Symmetry: Net planes (𝒉𝒌𝒍)

-1/2

1



O

 𝑎

 𝑐

𝑏

 Examples:
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Twinned crystal: association of identical single-crystals with different orientations, 
connected through a point group symmetry: reflection, rotation, or inversion.

Formation of twinned crystals
• Growth twins: occurs during the crystal growth;
• Annealing or Transformation twins: upon cooling (phase transition) 
• Deformation or gliding twins: result of stress after the crystal has formed

Twinned pyrite crystal Japanese twins of quartz

Crystallographic and Magnetic Structures / Neutron Diffraction, Béatrice GRENIER & Gwenaëlle ROUSSE

Symmetry relations between crystals: twinned crystals



GDR MEETICC
Banyuls, Feb. 2018

29

Example : BaTiO3

𝑇
120°𝐶

Cubic (𝑚 3𝑚)
𝑐 = 4.007 Å

Tetragonal (4𝑚𝑚)
𝑎 = 4.000 Å 
𝑐 = 4.017 Å

Ba2+ O2- Ti4+

paraelectric
 𝑝

ferroelectric

With no external stress (pressure, electric field, …) : 
3 different twins with 2 domains at 180° each

Crystallographic and Magnetic Structures / Neutron Diffraction, Béatrice GRENIER & Gwenaëlle ROUSSE

Symmetry relations between crystals: phase transitions
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2nd order phase transition: 
There exist a group / subgroup relation between the 2 phases

Example: cooling down → symmetry lowers (change of point group)

Hexagonal Cubic

Tetragonal 

Trigonal Orthorhombic

Monoclinic

Triclinic

Relation between 
the 7 crystal systems

Crystallographic and Magnetic Structures / Neutron Diffraction, Béatrice GRENIER & Gwenaëlle ROUSSE

Symmetry relations between crystals: phase transitions

Group / subgroup relations between the 32 point groups
Source: ITC, volume A, page 796
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 symmetries acting inside the motif 
(symmetry planes and axes)

Crystal = lattice + motif

translations 𝑇

+

14 Bravais lattices

Point symmetries
(32 point groups)

combined or not with
a fractional translation

- International Tables for Crystallography (ITC) (https://it.iucr.org)
- Bilbao Crystallographic Server (http://www.cryst.ehu.es)
- A Hypertext Book of Crystallographic Space Group Diagrams and Tables  
(http://img.chem.ucl.ac.uk/sgp/mainmenu.htm)

Crystallographic and Magnetic Structures / Neutron Diffraction, Béatrice GRENIER & Gwenaëlle ROUSSE

3. Space group symmetry

230 SPACE GROUPS
 Describe the symmetry of the internal structure of crystals
 Allow to classify all the crystals

http://www.cryst.ehu.es/
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3. Space group symmetry
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3. Space group symmetry
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 Glide plane

𝑃0

𝑃0𝑃2 =  𝑎 →  𝑡 =
 𝑎

2

Example: glide plane 𝑎 ⊥  𝑐 at 𝑧 =
1

4

𝑎 × 𝑎 → lattice translation𝑃2

𝑃’ 𝑃1 𝑡

4 × 4 matrix: 

1 0 0 1/2
0 1 0 0
0 0 − 1 1/2
0 0 0 1

𝛼: point symmetry
 𝑡𝛼: translation embedding the glide translation + the position of 𝛼

Seitz notation: 𝛼  𝑡𝛼 = 𝑚𝑧
1

2
, 0,

1

2

Crystallographic and Magnetic Structures / Neutron Diffraction, Béatrice GRENIER & Gwenaëlle ROUSSE

3. Space group symmetry: symmetry planes

acting inside the unit cell

Combination of a reflection (through a plane) and a fractional translation  𝑡 ∥ plane
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Printed
symbol

Graphic symbol

Symmetry plane ⊥ projection
plane

∥ projection
plane

Nature of the gliding

(fractional translation  𝑡)

The various symmetry planes and their Hermann-Mauguin symbol

Double
glide plane𝑒

𝑎/2 and 𝑏/2, 𝑏/2 and 𝑐/2, or 𝑎/2
et 𝑐/2 ; OR (𝑎 𝑏)/2 and 𝑐/2, 

etc … for 𝑡 and 𝑐 systems

(𝑎 +𝑏)/2, (𝑏 +𝑐)/2 or (𝑐 +𝑎)/2 ; 
OR (𝑎 +𝑏 +𝑐)/2 in some cases for 

𝑡 and 𝑐 systems
𝑛 Diagonal

glide plane

8

1

8

1

(𝑎 +𝑏)/4, (𝑏 +𝑐)/4 or (𝑐 +𝑎)/4 ; 
OR (𝑎 +𝑏 +𝑐)/4 in some cases for 

𝑡 and 𝑐 systems
𝑑 Diamond

glide plane

𝑚 mirror

Axial 
glide plane

none

𝑎, 𝑏, 𝑐
𝑎/2, 𝑏/2, or 𝑐/2

respectively

 𝑡 ∥ proj. plane

 𝑡 ⊥ proj. plane

Crystallographic and Magnetic Structures / Neutron Diffraction, Béatrice GRENIER & Gwenaëlle ROUSSE

3. Space group symmetry: symmetry planes
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𝑃0 𝑃’

𝑃1

𝑛

𝑃’’

𝑃2

𝑃𝑛

 Screw axes

Combination of a rotation (around an axis n) and a fractional translation  𝑡 ∥ axis

2𝜋

𝑛

2𝜋

𝑛

 𝑡

 𝑡

𝑛𝑝 ×⋯× 𝑛𝑝
𝑛 times

→ lattice translation

Example: screw axis 𝑛𝑝 ∥  𝑐

𝑃0𝑃𝑛 = 𝑛 𝑡 = 𝑝  𝑐

with  
𝑛 = 1,2,3,4, or 6
𝑝 integer < 𝑛

𝑛 𝑡

→  t =
𝑝

𝑛
 𝑐 with 𝑝 = 0,1,… , 𝑛 − 1

Crystallographic and Magnetic Structures / Neutron Diffraction, Béatrice GRENIER & Gwenaëlle ROUSSE

3. Space group symmetry: symmetry axes
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Axis 4:  𝑡 = 0

z = 0

z = 0z = 0

z = 0 z = ¾

z = ½ z = ¼

Axis 41:  𝑡 =
1

4
 𝑐

z = 0

z = ½z = 1 

z =     3
2

≡ 0 

≡ ½ 

z = ¾z =      3
2

z = 94

≡ ½ 

≡ ¼  

Example: screw axes 4𝑝 ∥  𝑐

z = 0

Axis 43:  𝑡 =
3

4
 𝑐

z = 0

Axis 42:  𝑡 =
1

2
 𝑐

Crystallographic and Magnetic Structures / Neutron Diffraction, Béatrice GRENIER & Gwenaëlle ROUSSE

3. Space group symmetry: symmetry axes
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4-fold
screw
axes

41

42 2𝑐/4

𝑐/4

43 3𝑐/4

2𝑐/6

𝑐/6

3𝑐/6

4𝑐/6

5𝑐/6

6-fold
screw
axes

61
62
63
64
65

2-fold
screw
axes

31

32 2𝑐/3

𝑐/3

The various symmetry axes and their Hermann-Mauguin symbol (projection plane ⊥  𝑐)

Printed
symbol

Symmetry
axis

Graphic
symbol

Gliding
 𝑡

2-fold
screw
axis

21

𝑐/2

𝑎/2 ou 𝑏/2
(⊥ plan proj.)

(∥ plan proj.)

(⊥ plan proj.)
2-fold

rotation
axis (∥ plan proj.)

2 none

Identity none none1 4-fold rotat°4 none

3-fold
rotation axis

3

6-fold rotat°6

⊥ plan proj.

none

none

6-fold
rotoinversion

4-fold
rotoinversion

3-fold
rotoinversion

Inversion none 1

 3

 4

 6none

none

none

3. Space group symmetry: symmetry axes

Printed
symbol

Symmetry
axis

Graphic
symbol

Gliding
 𝑡
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1st letter : capital letter designing the lattice mode 𝑃, 𝐼, 𝐹, 𝐴 (𝐵 or 𝐶 ), 𝑅

Symmetry axes (with 𝑛 max and 𝑝 min)
and planes (𝑚 > 𝑒 > 𝑎 > 𝑏 > 𝑐 > 𝑛 > 𝑑)

Along the primary, secondary, and tertiary 
directions: 3 non equivalent directions of

symmetry (the same ones as point groups)

 International notation (Hermann-Mauguin symbol)

Conventional cell

triclinic

monoclinic

orthorhombic

Tertiary direction

𝑐 (order 2)

<110>, i.e. 𝑎 ± 𝑏
(order 2)

<210>, i.e.[210],
 120 , [1 10] (order 2)

<110> (order 2)

Secondary direction

𝑏 (order 2)

<100>, i.e. 𝑎 and 𝑏
(order 2)

<100>, i.e. 𝑎, 𝑏, [1 10]
(order 2)

<111> (order 3)

Primary direction

𝑎 (order 2)

[001]
(order 4)

𝑐
(order 6 or 3)

<100> (order 4 or 2)

A single symbol (1 or  1), thus no direction of symmetry

A single direction of symmetry: 𝑏 or 𝑐 (order 2, unique axis)

tetragonal

hexagonal

cubic 

Ex. 𝑃42/𝑚𝑚𝑐

Crystallographic and Magnetic Structures / Neutron Diffraction, Béatrice GRENIER & Gwenaëlle ROUSSE

3. Space group symmetry: the 230 space groups

Following letters: nature of the symmetry elements
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6 conventional cells
14 Bravais lattices (translation symmetry)

Symmetry at the macroscopic scale
32 point groups

Symmetry at the microscopic scale
230 space groups

3. Space group symmetry: the 230 space groups
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Non symmorphic SG
( glide translations)

!  different settings
(permutations of 𝑎, 𝑏, 𝑐)

Symmetry operations:
(number), nature, location

Diagrams of
equivalent positions

Smallest volume of the unit cell 
containing all structural informat°

Diagrams of
symmetry operations

 𝑎

𝑏
 𝑐

Location of the origin

Crystallographic and Magnetic Structures / Neutron Diffraction, Béatrice GRENIER & Gwenaëlle ROUSSE

page 1/2 of 𝑃𝑛𝑚𝑎
taken from the ITC, 
volume A

3. Space group symmetry: space group 𝑷𝒏𝒎𝒂 – ITC
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Point group: 
2

𝑚

2

𝑚

2

𝑚

(𝑛,𝑚, 𝑎 → 𝑚 and 21 → 2)

Screw axis 21 ∥  𝑎
Glide plane 𝑛 ⊥  𝑎

Screw axis 21 ∥ 𝑏

Mirror plane 𝑚 ⊥ 𝑏

Screw axis 21 ∥  𝑐
Glide plane 𝑎 ⊥  𝑐

Bravais lattice

"Representation" of the symmetry operations

Crystallographic and Magnetic Structures / Neutron Diffraction, Béatrice GRENIER & Gwenaëlle ROUSSE

3. Space group symmetry: space group 𝑷𝒏𝒎𝒂 – ITC

2-fold rotation

followed by  𝑡 =
1

2
 𝑐

i.e. axis 21 ∥  𝑐

axis ∥  𝑐 at

𝑥 =
1

4
et 𝑦 = 0

Glide plane 𝑛

with  𝑡 =
1

2
(𝑏 +  𝑐)

plane 𝑥, 𝑦 , i.e. ⊥  𝑎

with 𝑥 =
1

4
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See Lecture III

subgroups /supergroups, 
for crystallogr. transitions to a 

lower / higher symmetry phase
See Lecture II

See also www.cryst.ehu.es 

3. Space group symmetry: space group 𝑷𝒏𝒎𝒂 – ITC

page 2/2 of 𝑃𝑛𝑚𝑎
taken from the ITC, 
volume A

Arbitrary choice of
generators for the SG

Identity
Elementary translations
+ some of the symmetry

axes and planes
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Wyckoff sites: List of the different sites from the most general (i.e. less symmetrical) 
to the less general position (i.e. most symmetrical: special position)

Multiplicity Wyckoff Symmetry
of the site         letter of the site

Site name

Coordinates of all
equivalent positions

Crystallographic and Magnetic Structures / Neutron Diffraction, Béatrice GRENIER & Gwenaëlle ROUSSE

3. Space group symmetry: space group 𝑷𝒏𝒎𝒂 – ITC
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3. Space group symmetry: space group 𝑷𝒏𝒎𝒂 – ITC

Wyckoff sites: List of the different sites from the most general (i.e. less symmetrical) 
to the less general position (i.e. most symmetrical: special position)
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Crystallographic and Magnetic Structures / Neutron Diffraction, Béatrice GRENIER & Gwenaëlle ROUSSE 46

3. Space group symmetry: space group 𝑷𝒏𝒎𝒂 – ITC

Wyckoff sites: List of the different sites from the most general (i.e. less symmetrical) 
to the less general position (i.e. most symmetrical: special position)
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…
…

Careful: different order as compared to the ITC!

Crystallographic and Magnetic Structures / Neutron Diffraction, Béatrice GRENIER & Gwenaëlle ROUSSE

3. Space group symmetry: space group 𝑷𝒏𝒎𝒂

http://img.chem.ucl.ac.uk/sgp/
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3. Space group symmetry: space group 𝑷𝒏𝒎𝒂

http://www.cryst.ehu.es/
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ITC

Same order

Crystallographic and Magnetic Structures / Neutron Diffraction, Béatrice GRENIER & Gwenaëlle ROUSSE

3. Space group symmetry: space group 𝑷𝒏𝒎𝒂
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𝑥 𝑦 𝑧
La  0.518 0.25  0.007
Mn 0   0   0 
O1  -0.005  0.25   0.075
O2 0.288  0.096  0.226

Example: LaMnO3  (space group 𝑃𝑛𝑚𝑎)

O2

La, O1

Mn

→ 4𝑐
→ 4𝑎
→ 4𝑐
→ 8𝑑

 Motif ? 

Crystallographic and Magnetic Structures / Neutron Diffraction, Béatrice GRENIER & Gwenaëlle ROUSSE

(≡ 𝑃𝑏𝑛𝑚 if  𝑎 → 𝑏 →  𝑐 →  𝑎)

3. Space group symmetry: space group 𝑷𝒏𝒎𝒂 – LaMnO3

0.518 0.007

-0.005 0.075
0.288 0.096 0.226

 Motif = La4Mn4O12

7 coordinates to determine
out of (4+4+12)×3 = 60 !!!
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http://www.crystallography.net/cod/search.html

3. Space group symmetry: space group 𝑷𝒏𝒎𝒂 – LaMnO3

http://www.crystallography.net/cod/search.html
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.cif file for LaMnO3

3. Space group symmetry: space group 𝑷𝒏𝒎𝒂 – LaMnO3
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http://icsd.ill.eu/icsd/index.php

3. Space group symmetry: space group 𝑷𝒏𝒎𝒂 – LaMnO3

http://icsd.ill.eu/icsd/index.php
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3. Space group symmetry: space group 𝑷𝒏𝒎𝒂 – LaMnO3
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3. Space group symmetry: space group 𝑷𝒏𝒎𝒂 – LaMnO3
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3. Space group symmetry: space group 𝑷𝒏𝒎𝒂 – LaMnO3
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Bravais lattice: body centered (𝐼) tetragonal
Axis 4 ∥  𝑐 ;  mirrors 𝑚 ⊥ <100> ;  mirrors 𝑚 ⊥ <110>

Symmorphic SG

Crystallographic and Magnetic Structures / Neutron Diffraction, Béatrice GRENIER & Gwenaëlle ROUSSE

3. Space group symmetry: space group 𝑰𝟒𝒎𝒎
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𝐼 lattice

58

Add (0,0,0) and (½ ½ ½) 
to these coordinates
→ 8 × 2 atomic coordinates

𝐼 lattice

4-fold rotation applied 2, 1, and 3 times, resp. 

Crystallographic and Magnetic Structures / Neutron Diffraction, Béatrice GRENIER & Gwenaëlle ROUSSE

3. Space group symmetry: space group 𝑰𝟒𝒎𝒎
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Point group symmetry:
Allows to predict the existence or not of some macroscopic physical properties
And in the case they do exist, the direction of the vectorial quantity or form of the 
tensor, …

Translation symmetry:
Responsible for diffraction → see lecture III

Structure completely described by:
Space group + lattice parameters + asymetric unit
Then use Wyckoff positions to calculate the coordinates of the other atoms of the 
motif, and last the lattice translations

The same approach can be done for magnetic structures → see lecture II

Summary
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Point group: to go further …

http://materials.cmu.edu/degraef/pg/

2𝑚𝑚 6𝑚𝑚4𝑚𝑚3𝑚

From crystallographic point groups … 

Crystallographic and Magnetic Structures / Neutron Diffraction, Béatrice GRENIER & Gwenaëlle ROUSSE

∞𝑚

… to Curie point groups


